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1 Introduction 3

1 Introduction

The present unit is part of the walk The Cardinality of Sets consisting of the following units:

. Finite Sets and their Cardinalities [Garden 2020f]
. Well-Ordered Sets [Garden 2020g]

. Ordinal Numbers [Garden 2020h]

. Cardinal Numbers [Garden 2020i]

. Cardinal Arithmetic (this unit)

. The Axiomatics of von Neumann, Bernays and Godel [Garden 2020j]
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In Unit Cardinal Numbers [Garden 2020i] we have explained the cardinality |A| of a set A.
Its main properties are the facts that to every set A its cardinality |A| may be defined and that
we have

|A| = |B| if and only if A and B are equivalent,

that is, if and only if there exists a bijective mapping o : A — B from the set A onto the set
B.

In the present unit we will deal with the question how to compute the cardinality of a set. For
that purpose, we will look at the standard operations on sets, namely:

- the union of sets,

- the intersection of sets,

- the complement of a set,

- the direct product of sets,

- the power set P(A) of a set A,

- and the set F(A, B) of the functions o«: A — B from a set A into a set B.

In other words, we are going to investigate the cardinality of the sets AU B, AN B, A\ B,
A x B, P(A) and F(A, B) under the assumption that the cardinalities |A| and |B| of the sets A
and B are known. It will turn out that we may extend the algebraic operations

m+mn, m-n and m"

defined on the natural numbers to arbitrary cardinal numbers and that these operations are
closely related to the operations on sets described above. More precisely, for two sets A and B
with |A| = a and |B| = b we will have

a+b = |JAUB|IfANB=0
a-b = |A xB|and
a® = |F(B,A).

If a and b are two infinite cardinal numbers, two main results of this unit are as follows:
a+b=axb=max{a,b}and 2% > a.

The material of the present unit is organized as follows:
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Elementary Properties of Cardinal Numbers (see Section 2):

In this section we will summarize the most important properties of cardinal numbers which
have been explained in Unit Cardinal Numbers [Garden 2020i].

Extensions of Functions (see Section 3):

We will use several results about the extension of functions explained in former units. These
results are summarized in this section.

Addition of Cardinal Numbers (see Section 4):

The real story of this unit starts in this section: We will define the addition of two cardinal
numbers a = |A| and b = |B| by

a+b:=]AUB|ifANB=40.

See Definition 4.2. Many properties which are well known from the addition of natural numbers
remain valid: We have

(a+b)+c=a+(b+c)anda+b=b+a

for all cardinal numbers a, b and ¢ (see Theorem 4.4).

If a < cand b < d, then we have a +b < ¢ + d for all cardinal numbers a, b, ¢ and d (see
Theorem 4.6).

We have
|A|+|B| = |[AUB|+|ANB|

for all sets A and B (see Theorem 4.12).

Multiplication of Cardinal Numbers (see Section 5):
We will define the product of two cardinal numbers a = |A| and b = |B| by
a-b:=]A x B|.

See Definition 5.1. Again, many properties which are well known from the multiplication of
natural numbers remain valid: We have

(a-b)-c=a-(b-c)Janda-b=b-a

for all cardinal numbers a, b and ¢ (see Theorem 5.7).
We have

a-(b+c)=a-b+a-cand (a+b)-c=a-c+b-c
for all cardinal numbers a, b, ¢ and d (see Theorem 5.9).

If a < candb < d, then we have a-b < ¢ - d for all cardinal numbers a, b, ¢ and d (see
Theorem 5.10).
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Power of Cardinal Numbers (see Section 6):
We will define the power a® of two cardinal numbers a = |A| and b = |B| by
a® :=|F(B,A)|.

See Definition 6.1. Once again, many properties which are well known from the exponentiation
of natural numbers remain valid: We have

a®¢=a"-a (a-b)*=a b and (a®)" =a®

for all cardinal numbers a, b and ¢ (see Theorem 6.8).
If a < b, then we have a® < b® for all cardinal numbers a, b and c (see Theorem 6.9).
We have

|[P(A)] =2% and a < 2¢

for all cardinal numbers a = |A| (see Theorem 6.11).

Countable Sets (see Section 7):

A set A is called countable if the set A is finite or if we have |A| = Ny. Countable sets have
already been introduced in Unit Finite Sets and their Cardinalities [Garden 2020f]. Many
results in this section prepare more general results explained in Section 8.

The main results are as follows: Let A be a countably infinite set, and let a :=|A|.
We have a + a = a (see Theorem 7.8).
We have a - a = a (see Theorem 7.6).

We have |A| = ‘{X CA[X ﬁnite}| (see Theorem 7.12).

Arithmetic of Infinite Cardinal Numbers (see Section 8):

We are no able to prove the main results of this unit which are important tools to compute
the cardinality of a set: Let A be an infinite set, and let a := |A].

We have a + a = a (see Theorem 8.3).
We have a - a = a (see Theorem 8.7).
We have |A| = [{X C A | X finite}| (see Theorem 8.11).

Finally, we will show the Theorem of Konig and Zermelo saying that if a; < b; for all elements

Zai<Hbi

iel iel

i of an index set I, then we have

(see Theorem 8.12).

Summary of the Unit Cardinal Arithmetic (see Section 9):

For better clarity we summarize all results of this unit in this final section.
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2 Elementary Properties of Cardinal Numbers

In Unit Cardinal Numbers [Garden 2020i] we have introduced the cardinal numbers. Note
that a cardinal number is itself a set. In what follows we summarize the most important facts
about cardinal numbers needed in this unit:

2.1 Definition. Two sets A and B are called equivalent if there exists a bijective func-
tion & : A — B from the set A onto the set B. If A and B are two equivalent sets, we
write A ~ B.

For more details about functions and equivalent sets see Unit Functions and Equivalent Sets
[Garden 2020b].

2.2 Theorem. Let A be a set. Then there exists exactly one cardinal number a such
that A ~ a. In this case we write |A| := a.

Proof. See Unit Cardinal Numbers [Garden 2020i]. |

2.3 Theorem. Let A and B be two sets. Then the following conditions are equivalent:
(i) The sets A and B are equivalent.
(ii) We have |A| = |B|.

Proof. See Unit Cardinal Numbers [Garden 2020i]. |

2.4 Theorem. Let A and B be two sets. The following conditions are equivalent:
(i) We have |A| < [B|.
(ii) There exists an injective mapping oc: A — B from the set A into the set B.

(iii) There exists a surjective mapping 3 : B — A from the set B onto the set A.
Proof. See Unit Cardinal Numbers [Garden 2020i]. O

2.5 Proposition. (a) Let A and B be two sets. If the set A is a subset of the set B, then
we have |A| < |B].

(b) Let a and b be two cardinal numbers with a < b. Then there exist two sets A and B
such that
|A|=a, [B|=b and A C B.

Proof. See Unit Cardinal Numbers [Garden 2020i]. O

2.6 Theorem. (Cantor) Let A be an arbitrary set. Then we have
Al < |P(A)]

where P(A) denotes the power set of the set A.

Proof. See Unit Cardinal Numbers [Garden 2020i]. |



3 Extensions of Functions

2.7 Theorem. Every natural number is a cardinal number.

Proof. See Unit Cardinal Numbers [Garden 2020i].

2.8 Theorem. (a) The set Ny of the natural numbers is a cardinal number.

(b) Let A be an infinite set. Then we have Ny < |A].

Proof. See Unit Cardinal Numbers [Garden 2020i].

3 Extensions of Functions

In this unit we will need several results explained in former units about the extension
functions. These results look quite similar, but there are some differences. For the sake

clarity we summarize these results in this section:

3.1 Proposition. Let | be an index set, let (Ai)ic1 and (Bi)ic1 be two families of non-
empty sets, and suppose that the sets (Ai)ic1 and the sets (Bi)ic1 are pairwise disjoint.
For each element 1 of the set I let oy : Ay — By be a function from the set A; into the set
B;.

(a) There exists a function

such that
a(x) = ai(x) for all x € Ay and for all i € 1.

(b) If the functions o : Ay — B; are injective for all elements i of the set I, then the
function « : (J;c; Ai — Uier Bi is also injective.

(c) If the functions «; : Ay — B; are surjective for all elements i of the set I, then the
function « : (J;c; Ai — Uier Bi is also surjective.

(d) If the functions o : Ay — B; are bijective for all elements i of the set I, then the
function o : | J;c; At — Ui Bi s also bijective.

Proof. See Unit Families and the Aziom of Choice [Garden 2020c].

3.2 Proposition. Let I be an index set, and let (Ai)ic1 and (Bi)ic1 be two families of

non-empty sets. For each element i of the set I let o; : Ay — Bi be a function from the
set A; into the set B;.

Suppose that for each two elements i and j of the set I, we have «;i(x) = «;(x) for all
elements x of the set A; N A;.°

(a) There exists a function

(XZUAi—>UBi

i€l i€l
such that o|a, = o for all elements i of the set I.

(b) If the functions o : Ay — B are surjective for all elements i of the set 1, then the

of
of
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function « : (J;c; Ai — Uier Bi is also surjective.

%Note that this condition is automatically fulfilled if the sets A; are pairwise disjoint.

Proof. See Unit Families and the Aziom of Choice [Garden 2020c]. O

3.3 Proposition. Let I be a totally ordered index set, and let (Ai)ic1 and (Bi)ic1 be
two families of sets with the following properties:

(i) The families (Ai)ic1 and (Bi)ier are chains, that is, we have
AigA]‘ andBigB]— 1f1<]

(ii) For each element i of the set 1, there exists a function «; : Ay — B; from the set A;
into the set B;.

(iii) For each two elements i and j of the set I such that i < j the function «; : A; — Bj
is induced by the function o; : A; — Bj, that is, we have

ai(x) = oy(x) for all x € Aj.

Let

A:=|JAi and B:= [ JB.
i€l i€l
(a) There exists exactly one function « : A — B from the set A = J;.; Ai into the set
B = UieI Bi such that a|a, = &, for all elements i of the set I.

(b) If the functions oy : Ai — B; are bijective for all elements i of the set I, then the
function o« : A — B is also bijective.

Proof. See Unit Ordered Sets and the Lemma of Zorn [Garden 2020d). O

3.4 Proposition. Let I be an index set, and let (Ai)iel and (Bi)iel be two families

of sets. Suppose that for each element i of the set 1 there exists a bijective function
4 - Ay — By from the set A; onto the set B;.

Then there exists a bijective function
x: H Ay — H Bi
i€l iel

from the direct product [[;.; Ai onto the direct product | [;. Bi.

Proof. See Unit Families and the Aziom of Choice [Garden 2020c]. 0

4 Addition of Cardinal Numbers

We have seen in Unit The Natural Numbers and the Principle of Induction [Garden 2020¢]
that we have
m+mn=|AUB|

for each two finite disjoint sets A and B with |A| = m and |B| = n. We will use this property
in Definition 4.2 to define the sum of two arbitrary cardinal numbers.
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The main results of this section are that the so-defined addition is associative and commutative
(Theorem 4.4) , that we have a+c < b+ dif a < c and b < d (Theorem 4.6) and that

|A| 4+ B| = |AUB|+|ANB|

for each two sets A and B (Theorem 4.12).

Definition of the Addition of Cardinal Numbers:

In Definition 4.2 we will define the sum of two cardinal numbers. In order to verify that this
definition is well-defined we need Proposition 4.1.

4.1 Proposition. Let A, B, C and D be four sets such that ANB =0 and CND = (.
IfA ~C and B ~ D, then we have AUB ~ CUD.

Proof. Since A ~ C and B ~ D, there exist two bijective functions x: A — Cand $:B —- D
from the set A onto the set C and from the set B onto the set D, respectively. By Proposition
3.1, there exists a bijective function y: AWUB — CWUD from the set A UB onto the set CuD.
It follows that AUB ~ CuWD. m|

4.2 Definition. Let a and b be two cardinal numbers, and let A and B be two sets such
that [A| = a, |B| =b and AN B = (. Then the cardinal number |A U B| is called the sum
of the cardinal numbers a and b. It is denoted by a + b.

French / German. Sum of cardinal numbers = Somme de nombres cardinaux = Summe

von Kardinalzahlen.

4.3 Remarks. (a) In view of Proposition 4.1 the definition of the sum a+b =|A UB| is
well-defined, that is, independent from the concrete choice of the sets A and B such that
|Al|=a, [Bl=band ANB = 0.

(b) For two cardinal numbers a and b, the sets A := a x {0} and B := b x {1} fulfill the
conditions |A| =a, |B|=b and ANB = (.

(c) Since each natural number is a cardinal number (Theorem 2.7), we also have defined
the sum n + m for all natural numbers n and m. In Unit The Natural Numbers and the
Principle of Induction [Garden 2020¢] we have given an alternative definition of the sum
of two natural numbers. In Unit Finite Sets and their Cardinalities [Garden 2020f] we
have seen that this definition is equivalent to Definition 4.2.

General Properties of the Addition of Cardinal Numbers:

4.4 Theorem. Let a, b and c be three cardinal numbers.
(a) We have (a+b) +c = a+ (b+c) (addition is associative).
(b) We have a +b = b + a (addition is commutative).

Proof. Let A, B and C be three pairwise disjoint sets such that |A| = a, |B|=b and |C| =c.
(a) We have (a+b)+c=|(AUB)UC|=|AU(BUC)=a+ (b+c).
(b) We have a+b=|AUB|=BUA|=b+a. ]
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o

Proof. Since |a| = a and |} = 0, we have a+0 = |[aW@| = |a] = a. By Theorem 4.4, we have
P . D

o
|
o
+
o
o
+
o

Proof. Since a < b and ¢ < d, it follows from Proposition 2.5 that there exist four sets A,
B, C and D such that |A| =a, [B|=1b, |C|=c,|D|=d, ACBand C C D. W.lo.g. we may
suppose that BN D = ( (if not replace the sets A and B by A x {0} and B x {0} and the sets C
and D by C x {1} and D x {1}).

It follows that AU C C BUD. By Proposition 2.5, we get

a+c=AUCI<BUD|=b+d.

Proof. Let (Ai)icr and (Bj)icr be two families of pairwise disjoint sets such that |A;| = a; and
|Bi| = ay for all elements i of the set I. Let 1 be an element of the set I. Since |A;i| = a; = |By/,
it follows that there exists a bijective function oy : Ay — B; from the set A; onto the set B;.
By Proposition 3.1, there exists a bijective function

OLIUAi—)UBi

icl iel

O

implying that |{J;c; Ail = |Uier Bil-
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Proof. By Proposition 2.5, for each element i of the set I there exist two sets A; and B; such
that
|Ail = ai, [Bi| = bi and A; C B;.

For each element i of the set I let A{ := A; x {i} and B{ := B; x {i}. Then we have
A{ﬁAj/:@ and B{ﬁlez(Z)for all i,j € I with i # .
In addition, the functions o : A{ — B! defined by o : (x,1) — (x,1) are injective.
By Proposition 3.1, there exists an injective function
oa: | JA{ = |JBL
iel iel
It follows from Theorem 2.4 that

> a= Al <|UBll=) b

iel icl iel iel

4.10 Proposition. Let I be an index set, and let (A)ic1 be a family of sets. Then we

‘ UAi) < Z|Ai|~

iel iel

In particular, we have |A U B| < |A| + |B| for all sets A and B.

have

Proof. For each element i of the set I, let o : A; x {i} — A; be the function defined by
o : (x,1) — x. Obviously, the function o : Ay x {i} — A; is bijective and in particular
surjective for all elements i of the set I.

Since the sets A; x {i} are pairwise disjoint, it follows from Proposition 3.2 that there exists a

a: | (A x{1) = [ JAw

iel iel

surjective function

It follows from Theorem 2.4 that

U
iel

<|U x| = 1Ad
i iel

iel
4.11 Proposition. Let A and B be two sets. Then we have
IA|=|A\(ANB)|+|ANB|=|A\B|+|ANB|
Proof. Let A and B be two sets. Obviously, we have
A\N(ANB)=A\Band A = (A\(AQB)) U (ANB).

By Definition 4.2, we get

Al =|A\(ANB)|+|ANB/=]A\B|+|ANB|.
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4.12 Theorem. Let A and B be two sets. Then we have
|Al+ (Bl =|AUB|+|ANB|.
Proof. Let A and B be two sets. Note that
AUB=(A\(ANB))UB.
It follows from Proposition 4.11 that

|A| + [B|

(IAN (ANB)|+|ANB|) + B
= |ANBI+ (JA\N(ANB)|+[B]) =|ANB|+|AUBI.

4.13 Remark. In Corollary 8.5 we will see that we even have |A U B| = |A| + |B] if at
least one of the two sets A or B is infinite.

4.14 Proposition. Let A be an infinite set, and let B be a finite subset of the set A.
Then the set A \ B is infinite.

Proof. Let n:=|B|. Assume that the set A\ B is finite, and let m := |A \ B|. By Proposition
4.11, we have
IAl=]A\B|+|ANB| <|A\B|+[Bl=m+n.

Since the sum m +mn is a natural number, it follows that the set A is finite, a contradiction. O

Historical Notes:

The idea to define the sum a + b of two cardinal numbers a = |A| and b = |B| by the formula
Al+B|=|AUB|if ANB =10

(see Definition 4.2) is due to Georg Cantor:

Die Vereinigung zweter Mengen M und N, die keine gemeinsamen Elemente haben,
wurde [...] mit (M, N) bezeichnet. [...] Dies fihrt zur Definition der Summe von a und
b, indem wnr setzen:

a+b=(M,N

—

See [Cantor 1895, p. 485].

The union of two sets M and N which do not have any elements in common has been
denoted [...] by (M,N). [...] This yields the definition of the sum of a and b by defining

at+b=(M,N

—

Cantor uses the notation A for |A| and (M, N) for M U N. So the equation a +b = (M, N)
means a+b = [AUB|. The equations a+b=b+a and a+ (b+c) = (a+b)+c are also due
to Cantor:
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Da wm Machtigkeitsbegriff von der Ordnung der Elemente abstrahiert ist, so folgt ohne
Wezteres
a+b=b+a

und fiur je drei Kardinalzahlen a, b, ¢

a+(b+c)=(a+b)+ec.

See [Cantor 1895, p. 485].

Since the concept of cardinality abstracts from the order of the elements, it follows im-
mediately that
a+b=b+a

and that for each three cardinal numbers a, b, c we have

a+(b+c)=(a+b)+ec.

5 Multiplication of Cardinal Numbers

We have seen in Unit The Natural Numbers and the Principle of Induction [Garden 2020¢]
that we have

m-n=|A x B
for each two finite sets A and B with |[A| = m and |B] = n. We will use this property in
Definition 5.1 to define the product of two arbitrary cardinal numbers.
The main results of this section are that the so-defined multiplication is associative and com-

mutative (Theorem 5.7), that the distributive laws hold (Theorem 5.9) and that we have
a-c<b-dif a<candb < d (Theorem 5.10).

Definition of the Product of Cardinal Numbers:

French / German. Product of cardinal numbers = Produit des nombres cardinaux =
Produkt von Kardinalzahlen.
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5.2 Remark. Since each natural number is a cardinal number (Theorem 2.7), we also
have defined the product m - n for all natural numbers m and n. In Unit The Natural
Numbers and the Principle of Induction [Garden 2020e] we have given an alternative
definition of the product of two natural numbers. In Unit Finite Sets and their Car-
dinalities [Garden 2020f] we have seen that this definition is equivalent to Definition
5.1.

5.3 Proposition. Let I be an index set, let (ai)ic1 be a family of cardinal numbers.
Then the product [ [;.; a; is well-defined.

Proof. Let (Ai)icr and (B;)ic1 be two families of sets such that |A;| = a; and |B;| = a; for all
elements i of the set I. Let 1 be an element of the set 1. Since |Ai| = a; = |By/, it follows that
there exists a bijective function «; : A; — B; from the set A; onto the set B;. By Proposition
3.4, there exists a bijective function

X I_I:/\i — I_I Bi

iel iel

implying that | [ [;c; Ail = ] [ic1 Bil- ]

General Properties of the Product of Cardinal Numbers:
For the proof of Proposition 5.5 we need the following result about direct products:
5.4 Proposition. Let A and B be two sets. Then we have
A x B =0 ifand only if A =0 or B = 0.
Proof. See Unit Direct Products and Relations [Garden 2020a]. O

5.5 Proposition. Let a and b be two cardinal numbers.
(a) We have a-0=0-a=0.

(b) We have a-b =0 if and only if a =0 or b = 0.

(c) We havea-1=1-a=a.

Proof. (a) By Proposition 5.4, we have A x ) =) x A = (. It follows that a-0=0-a =0.
(b) Note that we have [X| = 0 if and only if X = ) for all sets X. Let A and B be two sets such
that |[A| = a and |B| = b. Then we have
0=a-b=|AxBl&0=AxB
& A =0 or B=0 (Proposition 5.4)
& a=0o0rb=0.

(c) The mappings « : A — A x {1} and f : A — {1} x A defined by « : x — (x,1) and
B:x— (1,x) are bijective. It follows that

a=Al=Ax{l}=a-Tanda=A|=[{1} xA|l=1"a.
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5.6 Proposition. Let a and b be two cardinal numbers, let I be an index set such that
|I| = b, and let a; := a for all elements i of the set I. Then we have

a-b:Zai.

In particular, we have a + a = 2a and

a-+...+a=na.
——

n
Proof. Let A be a set such that |A| = a. Then we have

a~b:|A><I|:|UAx{i}|:Zai.

i€l iel

5.7 Theorem. Let a, b and ¢ be three cardinal numbers.
(a) We have (a-b)-c=a-(b-c) (multiplication is associative).

(b) We have a-b =b - a (multiplication is commutative).

Proof. (a) Let Ay, A, and A3 be three sets such that |A;] = a, |A2] = b and |A3z| =c, let
[:={1,2,3}, and let A :=]];.; Ai. Let

x1: A — (A7 X Az) x Az be defined by «; : (a1, az,a3) — ((a1,a2), a3)),
and let
x2: A = Aq x (A2 x A3z) be defined by «, : (a1, az,a3) — ((ar, (a2, a3)).

The functions o7 : A — (A7 X Az) x Az and « : A — Ay x (Az x A3) are obviously bijective
implying that

(a-b)-c=[(A1 x A2) x A3| = |A| = [A1 x (A2 X A3)|=a- (b-c).

(b) Let A and B be two sets such that |[A| = a and |B] = b. Obviously, the mapping o :
A x B — B x A defined by «: (a,b) — (b, a) is bijective implying that

a-b=|AxB/=BxA[=b"a.

O

We will need the following elementary result about direct products in the proof of Theorem
5.9:

5.8 Proposition. Let A, B and C be three sets.
(a) We have A x (BUC) = (A x B) U (A x C).
(b) We have A x (BNC) = (A xB)N (A x C).

Proof. See Unit Direct Products and Relations [Garden 2020a]. |
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5.9 Theorem. (Distributive Laws) Let a, b and c be three cardinal numbers.
(a) We have a(b + c) = ab + ac.
(b) We have (a +b)c = ac + bc.

Proof. (a) Let A, B and C be three sets such that |[A| =q, [B|=Db, |C|=cand BNC = .
It follows from Proposition 5.8 and Proposition 5.4 that

(AxBIN(AxC)=Ax(BNC)=Ax0=40.
Again by Proposition 5.8 and Proposition 5.4, we get
ab+¢)=Ax (BUC)=|(AxB)U(AxC)|=]AxB|+]A xC|=ab+ ac.

(b) follows from (a) and the commutative law for multiplication (Theorem 5.7). O

5.10 Theorem. Let a, b, c and d be four cardinal numbers such that a < b and c < d.
Then we have
a-c<b-d.

Proof. Since a < b and ¢ < d, it follows from Proposition 2.5 that there exist four sets A,
B, C and D such that [A| =a, |B/|=D, |C|=¢, |D|=d, A C B and C C D. It follows that
A x C C B x D. By Proposition 2.5, we get

a-c=|AxCl<|BxD|l=b-d

Historical Notes:

The idea to define the product a-b of two cardinal numbers a = |A| and b = |B| by the formula
IAl-[B] =|A x B|

(see Definition 5.1) is due to Georg Cantor:

Jedes Element m einer Menge M lasst sich mit jedem Element n etner anderen Menge
N zu einem neuen Element (m,n) verbinden; fir die Menge aller dieser Verbindungen
(m,n) setzen wir die Bezeichnung (M.N) fest. Wir nennen sie die Verbindungsmenge
von M und N. Es ist also

(ML.N) ={(m,n)}.

[...] Wir definieren nun das Produkt a-b durch die Gleichung

a-b=(MN).

See [Cantor 1895, p. 485].

Every element m of a set M can be combined with every element n of another set N to
form a new element (m,n); we denote the set of all these combinations (m,n) by (M.N).
We call it the set of combinations of M and N. Hence, we have

(M.N) = {(m,n)}.
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[...] We now define the product a-b by the equation

a-b=(M.N).

In modern terminology we have (M.N) = M x N and a-b = |[M x N| where [M| = a and
IN| = b. Cantor was also aware of the equation

a-b:Zai

where |I| = b and a; = a for all elements i of the set I (see Proposition 5.6):

Eine Menge mat der Kardinalzahl a - b ldsst sich aus zwer Mengen M und N mait den
Kardinalzahlen a und b auch nach folgender Regel herstellen: Man gehe von der Menge
N aus und ersetze in thr jedes Element n durch eine Menge M,, ~ M, fasst man die
Elemente aller dieser Mengen M,, zu einem Ganzen S zusammen, so sieht man leicht,
dass

S ~ (M.N),
folglich

S=a-b.

See [Cantor 1895, p. 486].

A set with the cardinal number a-b can also be constructed from two sets M and N with
the cardinal numbers a and b in the following way: One takes a set N and replaces every
element n of this set by a set M, ~ M, if we combine the elements of all these sets My,
into a whole S, then one easily sees that

S ~ (M.N),
hence B
S=a-b.
One should be a little bit more precise by saying that the sets M,, have to be pairwise disjoint.

ab=|{J Ma|=) Ml

nenN neN
As a next step Cantor proves the equations (a-b)-c=a-(b-c)and a-b=">b"-a (Theorem
5.7) and the distributive laws a(b + c¢) = ab + ac and (a + b)c = ac + be (Theorem 5.9):

Then we get

Aus unseren Definitionen folgen leicht die Satze:

a-b = b-q
a-(b-c) = (a-b)-c
a(b+c¢) = ab+ac.

See [Cantor 1895, p. 486].
The follounng sentences follow easily from our definitions:
a-b = b-q,
a-(b-c) = (a-b)-c,
a(b+c¢) = ab+ac.
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6 Power of Cardinal Numbers

We have seen in Unit The Natural Numbers and the Principle of Induction [Garden 2020¢]
that we have

m" = |{«: B — A | « function}|
for each two finite sets A and B with |A| = m and [B] = n. We will use this property in
Definition 6.1 to define the power of two arbitrary cardinal numbers.

The main results of this section are that we have a®*t¢ = a® - a, (a-b)¢ = a® . b and
(ctb)C = a®¢ for each three cardinal numbers a, b and c (Theorem 6.8), that a® < bifa < b
(Theorem 6.9), that |P(A)| = 22 for all sets A with [A| = a and that a < 22 for all cardinal
numbers a (Theorem 6.11).

Definition of the Power of Cardinal Numbers:

6.1 Definition. Let a and b be two cardinal numbers, and let A and B be two sets such
that |[A| = a and |B| = b. Let F(B, A) be the set of the functions o : B — A from the set
B into the set A. Then the cardinal number

|F(B, A)l
is called the b'" power of a. It is denoted by a®.

French / German. Power of a cardinal number = Puissance d’un nombre cardinal = Potenz
einer Kardinalzahl.

6.2 Remark. Since each natural number is a cardinal number (Theorem 2.7), we also
have defined the power m"™ for all natural numbers m and n. In Unit The Natural
Numbers and the Principle of Induction [Garden 2020e] we have given an alternative
definition of the power of two natural numbers. In Unit Finite Sets and their Cardinal-
tties [Garden 2020f] we have seen that this definition is equivalent to Definition 6.1.

6.3 Proposition. Let a and b be two cardinal numbers. Then the cardinal number a®
is well-defined.

Proof. Let A, B, C and D be four sets such that |A| =|C| = a and |B| = |D| = b.

We have to show that there exists a bijective function from the set
F(B,A) ={x:B — A | «is a function from B to A}

onto the set
F(D,C):={B:D — C| B is a function from D to C}:
Y

Since we have |A| =|C| = a and |B| = |D| = b, A C
there exist bijective functions vy : A — C and

d:B — D from the set A onto the set C and « B
from the set B onto the set D, respectively.

Define the functions B d D
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f:FB,A) -5 F(D,C) by f:ax—yoaod ' and
g:FD,C) = F(B,A) by g:B—vy 'ofobd.

It follows that
f(g(B)) = f(y71o[305):yoy71o[3060671:[5
g(f(a)) = glyoaod )=y loyoaod 'ob=x

Hence, we have f = g~ ! and g = f~! implying that the function
f:F(B,A) - F(D,C)

is bijective. O

Elementary Properties of the Power of Cardinal Numbers:

We will need the following result about functions in the proof of Proposition 6.5:
6.4 Proposition. Let «: A — B be a function. If A = (), then we have o = ().

Proof. See Unit Functions and Equivalent Sets [Garden 2020b]. O

6.5 Proposition. Let a be a cardinal number. Then we have a® = 1.

Proof. Let A be a set such that |A| = a. By Proposition 6.4, we get

a® ={a:0 — A | « function}| = {0} = 1.

6.6 Proposition. Let a and b be two cardinal numbers, and let A and I be two sets
such that |A| = a and |I| = b. For each element i of the set 1, let a; := a. Then we have

Clb = I I aj.
iel

In particular, we havea-a =a? anda-...-a = a™.
—

n

Proof. Let B be a set such that |B| = b. Since |I| = b, we may write the set B in the form
B={bi|iel.

For each element i of the set I, let A; := A, and let F(B,A) be the set of the functions
oe: B — A from the set B into the set A. Define the function vy : F(B,A) — [[ic; At by

Yo (“(bi)>ie1'

Step 1. The function y: F(B,A) — [[ic; Ai is injective:

For, let o and 3 be two functions from the set F(B, A) such that y(«) =y(p). It follows that
(«(bi));e; = (B(bi))iel implying that o(b;) = B(b;) for all elements i of the set 1. It follows
that o« = 3.
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Step 2. The function vy : F(B,A) = [[ic1 At 1s surjective:

For, let (ai)icr be an element of the product [];.; Ai. For each element i of the set I, set

iel
o(bi) := a;. Then we obtain a function «: B — A such that y(«) = (ai)ier-

Step 3. We have a® = [];; ai:

It follows from Step 1 and 2 that a® = [F(B,A)| = |[];c; Ail = [Ticr ai- O

We will need the following result about direct products in the proof of Theorem 6.8:

6.7 Proposition. Let | and | be two disjoint index sets, and let Ay be a set for each
element k of the set [ U ]J. Then we have

[T A~ (TTA) x (TTA)-

keluJ i€l j€]
Proof. See Unit Families and the Aziom of Choice [Garden 2020c]. O

6.8 Theorem. Let a, b and c be three cardinal numbers.
(a) We have a®*¢ = a® - a°.

(b) We have (a-b)¢ = a® - bC.

(c) We have (a®)® = a®e.

Proof. (a) Let A, B and C be three sets such that [A| =a, [B|=Db, [C|=cand BN C = .
For all elements i of the set B W C, let A; := A. It follows from Proposition 6.6, Proposition
6.7 and Theorem 2.3 that

b b
a®* =] T ad=ITTAxT[Al=ITTAd ITTA =0 ac
ieBUC ieB jeC ieB jeC

(b) For two sets X and Y, let F(X,Y) be the set of the functions from the set X into the set Y.
We have to show that
F(C,A xB)~F(C,A) x F(C,B).

For, define the function vy : F(C,A) x F(C,B) — F(C, A x B) as follows:
vl pB)— (6 :C — A x B defined by 6 : x — (a(x), B(x))).

Step 1. The function v : F(C,A) x F(C,B) — F(C, A x B) is injective:

For, let o7 and o, be two functions of the set F(C,A) and let f; and 2 be two functions
of the set F(C,B) such that y((oq,Bﬂ) = y((ocz, [32)). It follows that (oq,B1) = (o2, B2)
implying that o1 = &, and 1 = f32.

Step 2. The function vy :F(C,A) x F(C,B) = F(C,A x B) 1is surjective:

For, let 6 : C — A X B be an element of the set F(C,A x B). Let pry : A x B — A,
pra : (a,b) — a and prg : A X B — B, prg : (a,b) — b be the projections of the set A x B
onto the sets A and B, respectively.

Then the functions 65 :=prp 0d:C — A and 6 :=prg 00 : C — B are contained in the sets
F(C,A) and F(C, B), respectively, and we have y(6a,08) = 0.

Step 3. We have (a-b)¢ = a - b“:
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It follows from Step 1 and Step 2 that
(a-b)¢ =|F(C,A x B)| =|F(C,A) x F(C,B)| = F(C,A)| - |F(C,B)| = a® - b°.
(c) For a function oc: B x C — A and for an element c of the set C, let
& : B — A be defined by . : b — «(b,c).
Define the function
¥ T(B x C,A) = F(C,F(B,A)) by v (e axe).

Step 1. The function F(B x C,A) — F(C,F(B,A)) 1is injective:

For, let « and 3 be two functions from the set F(B x C, A) such that y() =y(B). It follows
that a.(b) = B.(b) for all elements b and c of the sets B and C, respectively. Hence, we have
a(b,c) = xc(b) = Bc(b) =B(b,c) forallbe B and c e C

implying that o« = 3.
Step 2. The function F(B x C,A) — F(C,F(B,A)) is surjective:
For, let « : C — F(B,A)) with ¢ — «, be an element of the set F(C,F(B,A)). For each

element b of the set B and each element c of the set C, set 3(b,c) := «.(b). Hence, we obtain
a function  : B x C — A such that y(p) = «.

Step 3. We have (a-b)¢ = a®-bc:
It follows from Step 1 and Step 2 that

a®® = |F(B x C,A)| = [F(C, F(B,A))| = (a*)°.

6.9 Theorem. Let a, b and c be three cardinal numbers. If a < b, then we have a® < b€.

Proof. Since a < b, it follows from Proposition 2.5 that there exist two sets A and B such
that |A] = q, |B| = b and A C B. It follows that we have F(C,A) C F(C,B). Again, by
Proposition 2.5, it follows that

a® =[F(C,A) < [F(C,B)[ = bC.

The Cardinality of the Power Set of a Set:

6.10 Theorem. Let A be a set, let P(A) be the power set of the set A, and let S"(A, {0, 1})
be the set of the functions from the set A into the set {0, 1}.

Then the set P(A) and the set F(A,{0,1}) have the same cardinality.

Proof. We define the mapping o : P(A) — ?(A, {0, 1}) from the power set P(A) of the set A
into the set F(A,{0,1}) by & : X fx where the function fx : A — {0, 1} is defined by

if
fx:x— 0 1 xgX
1 if xeX

One easily verifies that the function o : P(A) — F(A,{0,1}) is bijective. ]
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6.11 Theorem. Let A be a set of cardinality a.

(a) We have
[P(A)] =2¢.

(b) We have a < 2° for all cardinal numbers a.

Proof. (a) The assertion follows from Theorem 6.10 and Definition 6.1.

(b) The assertion follows from (a) and the Theorem of Cantor (Theorem 2.6). O

Historical Notes:
The idea to define the power a® of two cardinal numbers a = |A| and b = |B| by the formula
a® = |F(B,A)|

(see Definition 6.1) is due to Georg Cantor:

Die Gesamtheit aller verschiedenen Belegungen von N mit M bildet eine bestimmte Men-
ge mit den Elementen f(N); wir nennen sie die Belegungsmenge von N mit M und
bezeichnen sie durch (N | M). Es st also

(N IM) ={f(N)}.

Die Kardinalzahl von (N | M) [...] dient uns zur Definition der Potenz a®:

See [Cantor 1895, p. 487].
The entirety of all different assignments of N with M forms a specific set with the
elements f(N); we call it the set of assignments of N with M and denote it by (N | M).
Hence, we have

(N[M) ={f(N)}.

The cardinal number of (N | M) [...] serves us to define the power a®:

a® = (N|M).

An assignment of N with M is just a function f: N — M from the set N into the set M. So
we have (N | M) = F(N, M). Hence, the equation a® = (N | M) means a® = |F(N, M)|.

As a next step Cantor proves the equations a®-a® = ab*¢, a® b = (a-b)¢ and (a®)¢ = ab©
(Theorem 6.8):

[...] aus denen [...] die fir drei beliebige Kardinalzahlen a, b und c giltigen Sdtze sich

ergeben:
b b
a’.a¢ = a +c’
a®-b® = (a-b)
((lb)c ab<c
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See [Cantor 1895, p. 487].

[...] which imply [...] for each three arbitrary cardinal numbers a, b and c the following
valid theorems:

Clb .a¢ = ab—b—c)
a®-b® = (a-b)S
(ab)c ab c

7 Countable Sets

Definition and Elementary Properties of Countable Sets:

In this section we will investigate countable sets (a set A is called countable if we have
|A] < Ny (Definition 7.1)). Most results of this section prepare more general results to be
explained in Section 8.

The most important results of this section are that that a+a = a and that a-a = a if a = |A]
for a countably infinite set A (Theorem 7.8 and 7.6), that the countable unit of countable sets
is countable (Theorem 7.11) and that

|A| = |{X CA|X ﬁnite}|

for all countably infinite sets A (Theorem 7.12).

7.1 Definition. (a) A set A is called a countable set if we have |A| < Np.
(b) A set A is called countably infinite if we have |A| = Np.

Countable sets have been introduced in Unit Cardinal Numbers [Garden 2020i].

7.2 Theorem. Let A be an infinite set. Then the set A has a countably infinite subset.

Proof. Since the set A is infinite, it follows from Theorem 2.8 that we have Ny < |A|. By
Theorem 2.4, there exists an injective mapping « : No — A from the set Ny into the set A. It
follows that the set

{x(n) [n € No}

is a countably infinite subset of the set A. O

7.3 Theorem. Let a be an infinite cardinal number and let n be a natural number. Then
we have a +n = a.

Proof. Let A be a set such that |A| = a. m x(No) m a(No)
0 0

Step 1. We have a+1=a: a(0) e \ e x(0)

It follows from |A| = oo that Ny < : ) o a(T)

|A| (Proposition 2.8). By Theorem 2.4, o(n)e B :

there exists an injective function o : a4+ 1) \ e anlt1)

Ny — A from the set Ny into the set A. B

Define the function f : A — A\ {«(0)} X e

by N AN\ AN\ a(No)
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B(x) =

a(n+1) if x=«(n) for an element n € Ny
x if x¢ a(No)

Since the function f: A — A\ {x(0)} is bijective, it follows that
a = |A] = [A\{x(0)} U{e(0)}] = [A\{x(0)}] + Hex(O)} = [A[+ T =a+1.

Step 2. We have a +n = a for all natural numbers n.:

We proceed by induction on n:

n = 0: By Proposition 4.5, we have a + 0 = a.

n+— n+ 1: By induction and by Step 1, we have a+n+1=(a+n)+1=a+1=a. m|

Direct Products of Countable Sets:

7.4 Theorem. (Cantor) Let the mapping «: No x No — Ny be defined by
o(m,n):=m+ Z j.

The mapping « : Ng x Ng — Ny is bijective.

Proof. Step 1. The mapping «: Ny x Ng — Ny s injective:

Suppose that we have o(mq,n7) = x(my,n,) for some natural numbers m;, nq, m, and n;.
It follows that

mi+mng ma+mn;

my + Z j=my + Z j- (1)
j—0 j—0

Case 1. Suppose that we have m; +n; = my + n,.
It follows from Equation (1) that m; = m,. Since my +ny = m; +ny, we also have n; =n,.
Case 2. Suppose w.l.0.g. that we have m; +n; < My + n,.

It follows from Equation (1) that

ma+mn;
m; =m; + Z jzmy+my+ny+1>my,
j=mi4mng+1

a contradiction.
Step 2. The mapping «: Ny x Ng — Ny s surjective:
Let r be a natural number. Let a be the natural number such that

a+1

b::ijgrand Zj>r.
j=0 j=0

Since b < 7, there exists a natural number m such that m + b = r. We claim that m < a:

Otherwise, we have m > a + 1 implying that

a+1

r:b—i—m:(i)’)—i—m} (ij)—i—a—i—] :Zj>r,
j=0 j=0 j=0
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a contradiction.

It follows from m < a that there exists a natural number n such that a = m + n. Altogether,

we have
m—+n a

oc(m,n):erZj:er j=m+b=r.
j=0 j=0

7.5 Remarks. (a) Note that we have

n
1
j= Ln; ) for all n € Np.
j=0
Hence, the mapping « : Ng x Ng — Ny from Theorem 7.4 becomes
(m+n)(m+n-+1)
2

a(my,mn) =m+

which is a polynomial of degree 2 in the variables m and n.

(b) Let B := o' : No — Ny x No. Then we have

B(0) = (0,0), B(1) = (0,1), B(2) =(1,0), B(3) = (0,2), B(4) = (1,1), B(5) = (2,0)

and so on. The mapping 3 : Ny — Ny x Ny may be visualized as follows:

7.6 Theorem. (a) We have |No X No| = |N0| . |N0| = |N0|

(b) Let A and B be two countable sets. Then the direct product A x B is also countable.
If the sets A and B are countably infinite, we have |A x B| = |A| = |B|.

(c) Let A be a countably infinite set, and let a := |A|. Then we have a-a = a.
Proof. The assertions follow directly from Theorem 7.4. O

7.7 Remark. We will see in Theorem 8.7 that we even have a - a = a for all infinite
cardinal numbers a.

Unions of Countable Sets:
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Proof. (a) Since the sets A and B are countable, we have |A| < |Np| and [B| < |Np|. It follows
that

|IAUB| < |A] 4 [B] < [No| + [No| = 2 - [No| < [No| - INo| = [Nol.
(b) We have

INo| = Al = a < a+a=|Al+|A] = [No| + No| = 2 - [No| < [No - [No| = [Nol,

O

hence a+a=a.

7.9 Remark. We will see in Theorem 8.3 that we even have a + a = a for all infinite
cardinal numbers a.

The Set of the Finite Subsets of a Countable Set:

Proof. We proceed by induction on n:

n = 1: By assumption, the set
1
UAi=A
i=1

is countable.

n — n+ 1: Suppose that the union (J{'_; A; is countable. It follows from Theorem 7.8 that
the set

n+1 n
UAi=(UJA)vAm,
i=1 i=1

|

is countable.

Proof. Since the sets A; are countable for each element i of the set I and since the set I is
countable, we have
|Ai] < INp| for all 1 € T and |I] < |Np|.

It follows that

[UA] < 310 < Y INol = 11+ INol < [Nol - INo| = Nol
iel

iel iel

O
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7.12 Theorem. Let A be a countably infinite set. Then the set
C:={X C A | X is finite}
of the finite subsets of the set A is countably infinite.

Proof. Step 1. Let n be a natural number, and let C,, :={X C A | |X| < n}. Then the set
Cn 1s countable:

We proceed by induction on n:
n = 0: We have Cy = {()} implying that the set Gy is countable.

n — n+ 1: We have
Cni1 = [JXUK X € Crju{D),

XEA
Let x be an element of the set A. Since the set €, is countable (by induction), the set
{XU{x}| X € G} is also countable. Since the set A is countable, it follows from Theorem 7.11
that the set C,,, 1 is also countable.

Step 2. The set C 1s countable:
The assertion follows from Theorem 7.11 and the fact that € = |J,,cy, Cn- O

7.13 Remark. We will see in Theorem 8.11 that we even have
Al = [{X C A | X finite}|

for all infinite sets A.

Historical Notes:

The result that any infinite set has a countable subset (see Theorem 7.2) is due to Georg
Cantor:

A. Jede transfinite Menge T hat Teilmengen mat der Kardinalzahl X, .

See [Cantor 1895, p. 493].

A. Every transfinite set T has subsets with cardinal number N .

Transfinite means infinite. ¥y (speak aleph 0) is another notation for the cardinal number Npy.
Theorem 7.4 is also due to Cantor:

Es hat namlich die Funktion
(L+v—T)(p+v—2)
2 b
wie letcht zu zeitgen, die bemerkenswerte Eigenschaft, dass sie alle positiven ganzen Zah-

e

len und jede nur einmal darstellt, wenn in thr L und v unabhdngig voneinander ebenfalls
jeden positiven, ganzzahligen Wert erhalten.
See [Cantor 1878, p. 257.]
As it 1s easy to show, the function
(p+v—T1(p+v—2)
2
has the remarkable property that it represents each positive integer once and only once

W

if L and v run independently through all positive integers.
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8 Arithmetic of Infinite Cardinal Numbers

In this section we will explain the main results of this unit, namely that a+a=aand a-a=a
for all infinite cardinal numbers (Theorem 8.3 and 8.7).

Together with Theorem 6.11 (|JP(A)| = 2¢ and a < 2¢ for all sets A with |A| = a) we are able
to answer the question about the realtion between cardinalities and operations on sets in the
following way:

We have |A U B| = max{|A[,|B|} if at least one of the two sets A and B is infinite (Corollary
8.5).

We have |A x B| = max{|A|,|B[} if at least one of the two sets A and B is infinite (Theorem
8.9).

There are no general rules for the computation of the cardinality of the sets AN B or A\ B.

We just have
|A N BJ < min{|A], [B[} and [A\ B| < |A].

For each cardinal number r < min{|A|,|B|} and s < |A]| there exists a set B and a set C such
that
r=|ANB| and s = |A \ B|] (Theorem 8.10).

Finally, we will show that
Al = [{X C A | X is finite}|

for all infinite sets A (Theorem 8.11) and the Theorem of Konig and Zermelo saying that

if a; < b; for all elements i of an index set I (Theorem 8.12).
*

We will need the Lemma of Zorn (Theorem 8.1) and Proposition 8.2 about direct products in
the proof of Theorem 8.3 saying that a + a = a for all infinite cardinal numbers a:

8.1 Theorem. (Lemma of Zorn) Let A = (A, <) be a (partially) ordered set such that
every chain C of the set A has an upper bound in the set A. (A chain of the set A is a
totally ordered subset of the set A.)

Then the set A contains a maximal element.

Proof. See Unit Ordered Sets and the Lemma of Zorn [Garden 2020d). 0

8.2 Proposition. Let I and | be two index sets, and let (Ai)ic1 and (Bj)jej be two
families of sets.

(a) We have
(Ua)<(UB)= U ixBy.
iel j€] (1,))E€IX]

(b) We have
(ﬂAI)X(mB]): ﬂ (AiXBj).
i€l €] (i,j)€lx]

Proof. See Unit Families and the Aziom of Choice [Garden 2020c]. O
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8.3 Theorem. Let a be an infinite cardinal number. Then we have a + a = a.

Proof. Let A be a set such that |A| = a.

Step 1. Definition of the set F:

Let F:={a: X x{0,1} = X| X C A and « bijective}.

Step 2. The set F 1s non-empty:

By Theorem 7.2, there exists a countably infinite subset C of the set A. By Theorem 7.4,

we have |C| - 2 = |C|, that is, there exists a bijective function « : C x {0,1} — C from the set
C x {0, 1} onto the set C.
Step 3. Definition of a partial order on the set F:

Let X and Y be two subsets of the set A, and let o« : X x{0,1} — X and 3 : Y x{0,1} — Y be two
bijective functions from the sets X x {0, 1} and Y x {0, 1} onto the sets X and Y, respectively.
We set

oo < B if and only if X C Y and o = Blx (0,1}

Step 4. Every chain of the set ¥ has an upper bound:

Let I be a totally ordered index set, and (;)ic1 be a chain in the set F. Then for each element
i of the set I, there exists a subset X; of the set A and a bijective function o : X; x {0,1} — X;
with the following properties:
We have X; C Xj for all elements i and j of the set I such that i <j.
The function oy : X x {0, 1} — X;j is induced by the function «; : Xj x {0,1} — X; whenever
i<j.
Let X := (Jic1 Xi- By Proposition 8.2, we have

X x 0,1} = ({JX) x{0,1} = (Xi x {0, 1}).

i€l i€l

By Proposition 3.3, there exists a bijective function « : X x{0, 1} — X such that of|x, x(0,1} = xi
for all elements i of the set I. It follows that the function « is an element of the set F such
that oy < « for all elements 1 of the set I, that is, the function « is an upper bound of the
chain (oci)iel.
Step 5. There exists a mazimal element y:Z x {0,1} — Z of the set F:
The assertion follows from Step 2, Step 4 and the Lemma of Zorn (Theorem 8.1).
Step 6. The set A\ Z 1is finite:
Assume that the set A\ Z is infinite. By Theorem 7.2, there exists a countably infinite set Y
which is a subset of the set A\ Z. Since |Y|-2 = |Y| (Theorem 7.4), there exists a bijective
function & : Y x {0,1} — Y. Since the set Y is a subset of the set A\ Z, we have YN Z = ()
implying that (Y x{0,1})N(Z x{0,1}) = (). By Proposition 3.1, there exists a bijective function

T: (Y x{0,THU (Zx{0,1}) = (YUZ) x{0,1} - YUZ

such that |y, (0,1} = 6 and Tz(0,1} = . In particular, we have y < 7, in contradiction to the
maximality of y.

Step 7. We have a+ a = a:
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Let Z be the subset of the set A defined in Step 5. Since the function v : Z x {0,1} — Z is
bijective, it follows from Proposition 5.6 that

IZ| +1Z] = |Z| -2 = |Z].
Since the set A \ Z is finite, it follows from Proposition 4.11 and Theorem 7.3 that
a=IAl=[A\Z|+[Z| = [Z|.
Altogether, we get a = |Z| =|Z|+|Z| = a + a. ]

8.4 Theorem. Let a and b be two cardinal numbers such that at least one of them is
infinite. Then we have a + b = max{a, b}.

Proof. Suppose that b is infinite and that b > a. By Theorem 8.3, we have
b<a+b<g<b+b=hb.

It follows that a + b = b = max{a, b}. o

8.5 Corollary. Let A and B be two sets. If at least one of the two sets A and B is infinite,
then we have
|A UB| = |A| + [B] = max{|Al, [BI}.

Proof. W.l.o.g. suppose that |B| > |A|. It follows from Proposition 4.10 and Theorem 8.4
that
Bl < |AUB| < |A]+ [B|] = max{|Al, B[} = [B,

hence |A U B| =|A| + |B| = max{|A|, |B|}. ]

We need Proposition 8.6 about the direct product in the proof of Theorem 8.7 saying that
a-a = a for all infinite cardinal numbers a.

8.6 Proposition. Let I be a totally ordered index set, and let (A;)ic1 be a family of sets
such that the set A; is a subset of the set Ay if j < k. Then we have

(UA) x (YA =1 (A x A).

iel iel iel
Proof. See Unit Ordered Sets and the Lemma of Zorn [Garden 2020d]. o

8.7 Theorem. Let a be an infinite cardinal number. Then we have a- a = a.

Proof. Let A be a set such that |A| = a.

Step 1. Definition of the set F:

Let F:={a: X x X = X| X C A and « bijective}.
Step 2. The set F 1s non-empty:

By Theorem 7.2, there exists a countably infinite subset Z of the set A. By Theorem 7.4, there
exists a bijective function o : Z x Z — Z from the set Z x Z onto the set Z.

Step 3. Definition of a partial order on the set F:
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Let X and Y be two subsets of the set A, and let x: X x X = Xand f: Y XY — Y be two
bijective functions from the sets X x X and Y x Y onto the sets X and Y, respectively. We set

o< Bif and only if X C Y and o = B|xxx-

Step 4. Every chain of the set F has an upper bound:

Let I be an ordered index set, and («;)ic; be a chain in the set F. Then for each element i
of the set I, there exists a subset X; of the set A such that the function o : X x X; — Xj is
bijective. Since the family («;)ic; is a chain, we have

Xy € Xjifigjforallijel
Let X := (J;c1 Xi- By Proposition 8.6, we have
X x X =({JxXi)x ([Uxi) = X x xq).
i€l iel iel
By Proposition 3.3, there exists a bijective function o : X x X — X such that ofx, «x, = «; for

all elements i of the set 1. It follows that the function « is an element of the set F such that
o; < « for all elements i of the set I, that is, the function « is an upper bound of the chain

(eti)ier-

Step 5. There exists a mazimal element y:Z x Z — Z of the set F:

The assertion follows from Step 2, Step 4 and the Lemma of Zorn (Theorem 8.1).

Step 6. We have |Z| = |Al:

Since the set Z is a subset of the set A, we have |Z| < |A|. Assume that |Z| < |A]. Since

Al = |A\ Z| + |Z] = max{]A \ Z|,|Z|} (Theorem 8.4),

it follows from |Z| < |A| that |A \ Z| =|A|. In particular, we have |Z] < |A\ Z|.

It follows that there exists a subset Y of the set A \ Z such that |Y| = |Z|. Note that we have
YNZ=0. It follows that

Z]-1Z] = [ZxZ]=|Z]

Yxz| = [Y|-|Z] =1|Z]-|Z] = |Z]
1ZxY] = |Z]- Y| =|Z]-1Z] =|Z|
Y <Yl = [Y[- Y] =|Z]-[Z] = |Z|.

It follows that

(ZxY)U(YxZ)U(YxY) [ZxY|+|Y xZ|+]Y xY|

Z| +|Z] + 1Z] = |Z] = |Y].

Hence, there exists a bijective function
B:(ZxY)U(YXxZ)U(YXY)—=Y

from the set (Z x Y) U (Y x Z) U (Y x Y) onto the set Y.

Since the functions y: ZxZ — Zand B: (Zx Y)W (Y x Z) U (Y x Y) — Y are bijective and
since
(ZxZ)N((ZxY)U(YXxZ)U(YxY))=0and YNZ =10,
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it follows from Proposition 3.1 that there exists a bijective function & : (ZUY) x (ZUY) — ZUY
from the set (ZUY) x (ZUY) onto the set ZUY. Since Y # () (we have |Y| = |Z|), the function
0 strictly extends the function vy and belongs to the set &, a contradiction. Hence, we get
1Z| =|A].

Step 7. We have a-a = a:

Let Z be the subset of the set A defined in Step 5. It follows from Step 5 and Step 6 that

a=IAl=Z|=Z|-|Z| =]A|-|A|=a-a.

O

Proof. The assertion follows by induction from Theorem 8.7.

Proof. (a) Suppose that b is infinite and that b > a. Since a > 1, it follows from Theorem
8.3 that we have

It follows that a-b = b = max{a, b}.
(b) follows from (a).

|

Proof. (a) Since the set AN B is a subset of the sets A and B, it follows from Proposition
2.5 that

IANB| < |A] and |A NB| < [B].

In the same way it follows that |A \ B| < |A|.

(b) Let r be a cardinal number such that r < |Al, and let R be a set of cardinality r (for example
R := r). By Theorem 2.4, there exists an injective mapping o : R — A. Let B := «(R). It
follows that |B| = |x(R)| =t and AN B = B.

Let s be a cardinal number such that s < |A|. In the same way one may show that there exists
a subset S of the set A of cardinality s. Set C:= A\ S. It follows that |A \ C| =S| =s. m|
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Proof. Let F:={X C A | X finite}. We have to show that |A| = |F].
Step 1. We have |A| < |F:

For, let o : A — F be the mapping from the set A into the set F defined by o« : x — {x}. The
mapping o : A — F is obviously injective. It follows from Theorem 2.4 that |A| < |F].

Step 2. We have |F| < |Al:

For each natural number n, let

Fo=XCA|X=n}={XeTF| X =n.

Obviously, we have

(o]
F=J Fn.
n=0
For each set X of the set J,, there exists a bijective mapping fx : {1,...,n} = X. We claim

that the mapping B : ¥, — A™ defined by B : X — (Bx(1),...,Bx(n)) is injective:
For, let X and Y be two sets of the set F,, such that 3(X) = B(Y). It follows that

Bx(i) =PBy() foralli=1,...,m.

Hence, we get
X={Bx(1),...,Bx(M)} = {Bv(1),...,By(N)} =Y.
It follows from Theorem 2.4 and from Corollary 8.8 that

Fal <A™ =A™ = AL

It follows from Proposition 4.10, Proposition 5.6, Theorem 5.10 and Corollary 8.8 that

*© 410 & > 5.6 5.10 3.8
Fl=]JFn] < D 1Fal< ) A= N IA] < |A]-A] = AL
n=0 n=0

n=0

The Theorem of Konig and Zermelo:
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Proof. By Proposition 2.5, there exist two families (Ai),_; and (Bi), , of sets such that
|A1‘ = Qi, ‘Bl| =b;and A; CB;foralliel.

Assume that we have

Zai 21_‘[1’)1

iel i€l
Let
S = [J(Ai x {i}).
iel
Since
IS| = Zai and {HBi’ = Hbi’
iel iel iel

it follows from Theorem 2.3 that there exists a surjective mapping o : S — []
set S onto the set [ [;.; Bi.

i1 Bi from the
Let 1 be an element of the set I. Note that for each element x of the set S the element «(x) is

an element of the direct product | [;.; Bi, that is, we have

iel
a(x) = ((x)1) -

Since
{ax(x)i | x € A x {i}}] < |AL < {i}] = |A¢| < |Bi,

the set {oc(x)i | x € Ay X {i}} is a proper subset of the set B;. Hence, for each element i of the
set I there exists an element b; of the set B; not contained in the set {oc(x)i | x € Ay X {i}},
that is,

b # a(x); for all x € A; x {i}.

It follows that b := (bi),_, is an element of the set [];c; B: such that

1

b # «(x) for all x € | J(A; x {i}) =S,
i€l

in contradiction the the assumption that the mapping «:S — []

Note that the definition b := (b;)
element b of the set

ie1 Bi 1s surjective.

iel makes use of the axiom of choice since we choose an

[T (B ()i I x € A x (i3})).

iel

Historical Notes:

The history of Theorem 8.7 (a-a = a for all infinite cardinal numbers a) is explained in detail
in the paper Der Multiplikationssatz der Mengenlehre by Oliver Deiser [Deiser 2005]. Most
of the following information stems from this excellent survey.

The first step in this direction is a theorem of Georg Cantor from 1878 where he shows that
IR™ < [RI:

(A.) Sind x1,...,xn N voneinander unabhdngige, veranderliche reelle Gréfien, von denen
jede alle Werte, die > 0 und < 1 sind, annehmen kann, und ist t eine andere Verinder-
liche mit dem gleichen Spielraum (0 < t < 1), so ist es mdglich, die eine Gréfe t dem
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System der n Gréflen Xi1,...,Xn SO0 zuzuordnen, dass zu jedem bestimmten Wert von t
ein bestimmtes Wertsystem x1,...,xn und umgekehrt zu jedem bestimmten Wertsystem
X1y...,Xn €tn gewisser Wert von t gehort.

See [Cantor 1878, p. 245].

(A.) Are x1,...,xn N mutually independent real variables, each of which can have all
values that are > 0 and < 1, and is t another real variable in the same interval (0 <t < 1),
then it is possible to map the variable t to the system of n variables x1,...,xn so that
every value of t corresponds to a system of values x1,...,xn and vice versa every system
of values x1,...,xXn corresponds to a value of t.

In fact, the above theorem means that there exists a bijective mapping between the intervals
[0,1]™ and [0, 1]. It is easy to see that the interval [0, 1] has the same cardinality as the set R
of the real numbers. However, Dedekind pointed out that the proof of Cantor only shows that
there is an injective mapping from the set [0, 1]™ into the set [0, 1], that is |[0, 1]™| < |[0, 1]].
Of course, the inequality |[0, 1]| < |[0, 1]™| is trivial, but in 1878 the Theorem of Cantor and
Bernstein (JA| < |B| and |B| < |A] imply |A| = |BJ, see Unit Cardinal Numbers [Garden 2020i])
was not yet known.

By the way, the result that |[R x R| = |R| was even for Cantor so surprising that he wrote in
a letter to Dedekind: je le vois, mats je ne crots pas (I see it, but I don’t believe it). The
rest of the letter is in German.

In 1901 Felix Bernstein uses in his PhD thesis the multiplication theorem and refers to Cantor
for a proof:

Hilfssatz 1. Es sei n eine ganze endliche Zahl, so ist
X" =NX

fir jedes Aleph.

Den Bewets des Satzes, den ich aus miindlicher Mittedlung von G. Cantor kenne, fihrt
man alalog wie tm einfachsten Fall X = Xy durch Verwandlung einer Doppelrethe in eine
einfache Rethe [...].

See [Bernstein 1901] or [Bernstein 1905, p. 150]. [Bernstein 1901] is the PhD thesis of Bernstein
which has been reprinted with minor modifications in the Mathematische Annalen [Bernstein
1905].

Lemma 1. If n is a natural number, then we have
N™ =NX

for each Aleph.

The proof of the theorem, which I know from an oral communication by G. Cantor, s
carried out in the same way as in the simplest case X = Ny by converting a double series
into a single sertes [...].

This is the only hint that Cantor was in possession of a proof of the general theorem a-a=a
for all cardinal numbers a.

The first published proof stems from Philip Jourdain [Jourdain 1904], but the proof remains
vague. It is A. E. Harward who gives the first proof in 1905:

11. I now proceed to prove that Né = Np for all values of B (finite and transfinite).
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See [Harward 1905, p. 451].
In fact, the paper of Harward contains two proof ideas, the second in Note A of the paper.

Gerhard Hessenberg found a second proof of the multiplication theorem independently from
Harward:

LXVII. Ist Xy hoher oder gleich NXg, so 1ist
Na+2<[3 :N“-NB = Ng.

Insbesondere ist n - Ny = Nj; = N fir endliches n.
See [Hessenberg 1906, p. 594].
LXVIIL. If X 1s greater or equal than Ng, then we have

Z‘za-‘rXﬁzxa'xB:x“.

In particular we have n - N, = Xy = N, for finite n.

In fact, Hessenberg provided a second proof of this theorem in [Hessenberg 1907]. Further
proofs of the multiplication theorem stem from Philip Jourdain [Jourdain 1908, p. 506] and
from Felix Hausdorff [Hausdorff 1914, p. 127]. Unfortunately, the proof of Harward of 1905
remained unnoticed. His proof has been more or less reinvented by Hausdorff in 1914. All
these proofs use the result of Zermelo that every set can be well-ordered (for details see Unit
Well-Ordered Sets [Garden 2020g]).

Finally, Max Zorn gave in [Zorn 1944] a proof based on his Lemma of Zorn. The proof of
Theorem 8.7 explained above follows the ideas of Max Zorn.

I could not find out who gave the first proof of Theorem 8.11 (JA| = {X C A | X is finite}| for
each infinite set A). I have taken the proof of Bourbaki in [Bourbaki 2006]:

Proposition 5. L’ensemble F(E) des parties finies d’un ensemble infini E est équipotent
a k.
See [Bourbaki 2006, E.II1.50].

Proposition 5. The set F(E) of the finite subsets of an infinite set E has the same
cardinality as E.

The Theorem of Kénig and Zermelo (Theorem 8.12; a; < bi forallie I= 3 ;. a; <]];c; bi)
is due to Julius Konig for a special case (see [Konig 1905]) and to Ernst Zermelo for the general
case (see [Zermelo 1908]):

33y;. Theorem. Sind zwei dquivalente Mengen T und T’, deren Elemente M,N,R,...
bzw. M/,N’,R’|... unter sich elementfremde Mengen sind, so aufeinander abgebildet,
dass jedes Element M von T von kleinerer Mdachtigkeit ist als das entsprechende Element
M’ von T’, so ist auch die Summe S = 8T aller Elemente von T von kleinerer Mdchtigkeit
als das Produkt P’ = PT’ aller Elemente von T'.

See [Zermelo 1908, p. 277].

33yi. Theorem. Let T und T’ be two equivalent sets whose elements M,N,R,... and
M/, N’ R’,... are pairwise disjoint and suppose that each element M of T is of smaller
cardinality than the corresponding element M’ of T'. Then the sum S = 8T of all elements
of T is of smaller cardinality than the product P’ = PT’ of all elements of T'.
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9 Summary of the Unit Cardinal Arithmetic

Arithmetic of Cardinal Numbers:

Proof. (a) and (c) follow from Theorem 4.4.
(b) follows from Proposition 4.5.

(d) and (g) follow from Theorem 5.7.

(e) and (f) follow from Proposition 5.5.

(h) follows from Theorem 5.9.

O

Proof. (a) follows from Theorem 4.6.
(b) follows from Theorem 5.10.

|

Proof. (a) follows from Proposition 6.5.
(b), (c) and (d) follows from Theorem 6.8.
(e) follows from Theorem 6.9.

O
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Proof. (a) follows from Theorem 8.3.
(b) follows from Theorem 8.4.

(c) follows from Theorem 8.7.

(d) follows from Theorem 8.9.

(e) follows from Theorem 6.11.

O

Cardinality of Sets:

Proof. (a) follows from Proposition 4.11.
(b) follows from Theorem 4.12.

(c) follows from Corollary 8.5.

(d) and (e) follow from Proposition 4.10.
(f) and (g) follow from Theorem 8.10.

]

d

Proof. The assertion follows from Theorem 6.11.

Proof. (a) follows from Theorem 7.11.
(b) follows from Theorem 8.11.

]
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10 Notes and References

Do you want to learn more? The main subject of the walk The Cardinality of Setsis to explain
the definition of the cardinality of sets and to explain the arithmetic of cardinal numbers. This
has been explained in the present and the former units.

However, there is one more unit in this walk, namely the Unit The Aziomatics of von Neu-
mann, Bernays and Gdédel. The axiomatics of Zermelo and Fraenkel only knows one type of
mathematical objects, namely the sets. This approach has the little disadvantage that there
is no term for the collection of all sets since there is no set of all sets. The Axiomatics of
von Neumann, Bernays and Godel defines two types of mathematical objects, namely sets and
classes. This allows us to speak of the class of all set or the class of all cardinal numbers. The
details will be explained in Unit The Aziomatics of von Neumann, Bernays and Godel
[Garden 2020j].
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